Reply to the Comment on Perfect imaging with positive refraction in
  three dimensions by Leonhardt, Ulf & Philbin, Thomas G.
ar
X
iv
:1
00
9.
17
66
v1
  [
ph
ys
ics
.op
tic
s] 
 9 
Se
p 2
01
0
Reply to the Comment on Perfect imaging with positive refraction in three dimensions
Ulf Leonhardt and Thomas G. Philbin
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Exact time-dependent solutions of Maxwell’s equations in Maxwell’s fish eye show that perfect
imaging is not an artifact of a drain at the image, although a drain is required for subwavelength
resolution.
PACS numbers: 42.30.Va, 77.84.Lf
Perfect imaging with positive refraction [1–3] chal-
lenges some of the accepted wisdom of subwavelength
imaging [4–7]. In particular, it requires a drain for per-
fect resolution [8]. Merlin [7] argues that the perfect fo-
cusing is an artifact of the drain. However, instead of
discussing Maxwell’s fish eye, he considers the focusing
of light in a spherical mirror. The mirror serves as a
simple model that resembles the fish eye, but this model
is too simple: Maxwell’s fish eye has imaging properties
different from mirrors [9]. Furthermore, his reasoning is
in conflict with experimental evidence [10]. Let us briefly
explain how perfect imaging is achieved in Maxwell’s fish
eye and what the role of the drain is. Further details can
be found in Ref. [9].
In Ref. [2] we solved Maxwell’s equations for electro-
magnetic radiation in Maxwell’s fish eye (with ε = µ = n)
by reducing the problem to the propagation of a scalar
wave D; the electromagnetic field can be calculated from
D by certain differentiations [11]. We thus only need
to discuss the imaging properties of D, which does not
constitute a simple model, but an exact representation
of the electromagnetic Green tensor [2, 11] in Maxwell’s
fish eye.
The fish eye is characterized in terms of a length R
that defines the scale of the refractive index profile. For
simplicity of notation, we measure space in units ofR and
time in units of R/c; in these units the speed of light in
vacuum is 1. In our units the index profile of Maxwell’s
fish eye is given by
n =
2
1 + r2
. (1)
The scalar wave D satisfies the equation [2]
1
n3
∇ · n∇D −D −
∂2D
∂t2
= −
δ(r − r0)δ(t)
n3
(2)
where we include a source term on the right-hand side
that corresponds to a point source at position r0 acting
in one moment of time that we set to t0 = 0 without loss
of generality. The wave equation thus describes a flash of
light emitted at an arbitrary position and we can shift the
time of emission to an arbitrary t0. Note that any light
field can be thought of as a continuous superposition of
such light flashes, and so our case is sufficiently general.
Consider the Fourier transformation of the light flash
D˜(r, ω) =
1
2pi
∫ +∞
−∞
D(r, t)eiωt dt . (3)
Note that we can read the Fourier integral (3) as the
amplitude of the wave
D˜(r, ω)e−iωt =
1
2pi
∫ +∞
−∞
D(r, t− t0)e
−iωt0 dt0 (4)
that is created by the continuous emission of light flashes
at times t0 with phases ωt0. The Fourier amplitude D˜
thus plays a double role: it describes the frequency com-
ponents of a single flash of light emitted at r0 but also the
amplitude of a stationary wave generated at the source
point r0 with frequency ω.
To proceed, we write the wave equation (2) in the fre-
quency domain
1
n3
∇ · n∇D˜ + (ω2 − 1)D˜ = −
δ(r − r0)
2pin3
(5)
that has the solution [9]
D˜ =
(
r′ +
1
r′
)
sin(2ω arccot r′)
(4pi)2 sin(piω)
(6)
in terms of the Mo¨bius-transformed radius [2, 11]
r′ =
|r − r0|√
1 + 2r · r0 + |r|2|r0|2
. (7)
We see that the source point r0 corresponds to r
′ = 0.
We also see that the image point of light rays in Maxwell’s
fish eye [11],
r
′
0 = −
r0
|r0|2
, (8)
corresponds to r′ = ∞. The Mo¨bius-transformed radius
thus conveniently describes the imaging in Maxwell’s fish
eye. However, we still need to investigate whether the
Fourier amplitude (6) constitutes the wave of the light
flash. Causality requires that the Fourier amplitude D˜
is analytic on the upper half complex frequency plane.
The solution (6) is decaying for ℑω → ±∞. It has sin-
gularities at ω = m with integer m that we move by
an infinitesimal amount below the real frequency axis [9]
such that D˜(ω) is analytic on the upper half plane, as re-
quired. The solution (6) is the correct Fourier amplitude
of the light flash.
2Let us adopt the alternative interpretation of the
Fourier integral (3) where we regard D˜ as the ampli-
tude of a stationary wave generated at the source point
r0 with frequency ω. The wave (6) has the real wave
function of a typical standing wave — radiation emit-
ted from the source is reflected in Maxwell’s fish eye and
reabsorbed at the source, forming a stationary standing
wave [5]. Near the image point the continuous wave D˜
behaves as
D˜ ∼
ω sinc(2ω/r′)
8pi2 sin(piω)
with sincx =
sinx
x
, (9)
i.e. as a diffraction-limited spot. Clearly, the stationary
wave is not perfectly imaged, in agreement with Merlin’s
Comment [7].
Now consider the time-dependent wave D, the flash of
light emitted at position r0. We obtain from Cauchy’s
theorem [9]
D =
∫ +∞
−∞
D˜e−iωt dω
=
Θ(t)
8pi
(
r′ +
1
r′
) +∞∑
m=−∞
[
δ(t− 2 arctan r′ − 2mpi)
−δ(t+ 2 arctan r′ − 2mpi)
]
. (10)
Equation (10) explicitly describes the time evolution of
the flash: after emission at t = 0 the light wave expands
from the source point and then contracts towards the
image where it focuses in a single point and is reflected.
Upon reflection the wave changes sign; it expands again
and then contracts towards the source point where it is
reflected, changes sign, and so forth. In contrast, in Mer-
lin’s mirror the wave is distorted after the first reflection
[9]. In Maxwell’s fish eye, an individual light flash from
the source point is focused at the image in a perfect point,
but then the flash is reflected and changes sign. In the
stationary wave (4) a continuous stream of flashes with
phases ωt0 is averaged over time. The sign change upon
reflection results in the reduced resolution (9) that con-
forms to the standard diffraction limit.
The explicit solution (10) suggests an easy remedy for
the imperfection in imaging with otherwise perfect lenses:
give the wave an outlet at the image such that it is not
reflected there [10]. In this case the series (10) of reflec-
tions is truncated at the first term:
D =
Θ(t)
8pi
(
r′ +
1
r′
)
δ(t− 2 arctan r′)Θ(pi − t) . (11)
The Fourier transform (3) of the wave (11) is
D˜ =
1
(4pi)2
(
r′ +
1
r′
)
exp(2iω arctan r′) . (12)
Formula (12) describes a running wave with complex
wave function propagating from the source to the image
where the wave disappears [5], in contrast to the stand-
ing wave (6) with real wave function that is reflected at
the image. The spatial singularity of D˜ at r′ = ∞ cor-
responds to a supplementary source at the image point
r
′
0. The outlet thus acts as a drain. As 2 arctan r
′ → pi
for r′ → ∞ the wave carries a phase delay of piω at the
image point [2].
Note that the outlet at the image is completely pas-
sive [12]. It is a point absorber with infinitely small cross
section that can only extract entire waves when they are
concentrated at its location with infinite intensity. An
ideal point detector should play exactly this role. An ar-
ray of such detectors is required for imaging. In practice,
of course, detectors are not ideal and have finite cross sec-
tion and finite efficiency. The cross section of detectors
does indeed limit the imaging resolution [10], whereas the
finite efficiency simply reduces the amplitude of the per-
fectly focused wave: the total wave becomes a superposi-
tion of the diffraction-limited wave (6) and the perfectly
imaged component (12). Maxwell’s fish eye thus makes a
perfect lens with point-like resolution for electromagnetic
waves, but only when such waves are detected by perfect
point detectors. The perfect image appears, but only if
one looks.
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